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Abstract
In [D. Kra´l’, T. Madaras, R. ˇSkrekovski, Cyclic, diagonal and facial colorings, European J. Combin. 26
(2005) 473–490], we established that every planar graph has a coloring with eight colors such that no two
vertices joined by a facial walk of length one or two receive the same color. It turned out that the analysis
of one of the cases in our proof is incomplete. We provide a completed analysis in this note.
c© 2006 Elsevier Ltd. All rights reserved.
In an -facial coloring, we demand that any two different vertices joined by a facial walk
of length at most  receive distinct colors. The notion coincides with the well-known notion of
cyclic colorings if the size of each face is at most 2 + 1.
In [1], we have shown that every plane graph has a 2-facial coloring with at most eight colors.
However, as pointed out to us by Mirko Hornˇa´k, the analysis of the subcase S = {x1, x2, x3} on
page 483 in [1] in the proof of this result is incomplete. The aim of this note is to complete the
gap found in the proof.
Recall that an (, k)-minimal graph is a plane graph that does not have an -facial coloring
with k colors and has the smallest number of vertices among all such graphs (and among those
with the same number of vertices has the smallest number of edges). We refer the reader for the
remaining definitions to our paper [1]. Let us first state an auxiliary lemma that we need for a
complete analysis of the subcase:
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Fig. 1. The configuration from Lemma 1.
Lemma 1. No (2, 8)-minimal graph G contains a 5-face x1x2x3x4x5 such that x1, x2 and x3 are
(5,≥5,≥5)-vertices, the neighbor of x1 that is not incident with the 5-face is a (≥5,≥5,≥5)-
vertex, x4 and x5 are 4-vertices, and the edge x4x5 is contained in a 3-face.
Proof. Assume the opposite. We follow the notation depicted in Fig. 1. Note that x4 and x5 are
(3, 5,≥5,≥5)-vertices. Let G′ be the graph obtained from G by contracting the path x ′2x2x3x4
to a vertex y. By the minimality of G, the graph G′ has a 2-facial coloring with 8 colors. Uncolor
the vertices x1, x ′1 and x5 and assign the vertices x ′2 and x4 the color of y. Note that the vertices
x ′2 and x4 are not 2-facially adjacent by Lemma 2.3 and the (2, 8)-minimality of G.
Let Xi be the set of all colors that can be assigned to the vertex xi for i = 1, 2, 3, 5 and X ′1
the set of all such colors for the vertex x ′1. By a simple counting argument, the following holds:
|X1| ≥ 4, |X2| ≥ 4, |X3| ≥ 3, |X5| ≥ 2 and |X ′1| ≥ 2.
By removing some elements from Xi or X ′i , we can assume without loss of generality that all the
inequalities hold with the equalities.
If there is a color c contained both in X ′1 and X3, then color the vertices x ′1 and x3 with c
(note that x ′1 and x3 are not 2-facially adjacent by Lemma 2.3). The coloring can be completed
by assigning the remaining vertices available colors in the following order: x5, x1 and x2. If there
is a color c contained in X ′1 but not in X2, color the vertex x ′1 with c and the remaining vertices
can be colored greedily in the following order: x5, x3, x1 and x2. If neither of the two is possible,
then X ′1 and X3 are disjoint and X ′1 ⊆ X2. This implies that |X2 ∪ X3| ≥ 5.
Color now the vertices x ′1, x5 and x1 with available colors from their lists and let Y2 ⊆ X2
and Y3 ⊆ X3 be the sets of colors that can still be assigned to the vertices x2 and x3. It is easy
to check that both the sets Y2 and Y3 are non-empty. Moreover, since |X2 ∪ X3| ≥ 5 and only
three vertices have been colored, |Y2 ∪ Y3| ≥ 2. We infer that the coloring can be extended to the
vertices x2 and x3. 
We can now provide the completed analysis:
Subcase S = {x1, x2, x3}: By Lemma 4.2, x2 is a (5, 5, 5)-vertex (and thus Rule R4 applies to
it). In particular, x2 sends 1/2 units of charge to x . Neither x4 nor x5 is a 3-vertex incident with a
≤ 4-face by Lemma 4.1. Since x4 ∈ S and x5 ∈ S, both x4 and x5 are ≥4-vertices. In particular,
each of them sends at most 3/4 units of charge to x .
If both x1 and x3 send x at most 1 unit of charge, then the total amount of charge received
by x is at most 1/2 + 2 · 1 + 2 · 3/4 = 4, and the final amount of charge of x is non-positive.
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By symmetry, let us assume that x1 sends x more than 1 unit of charge, i.e., Rule R3 applies
(since x1 ∈ S, Rule R2 cannot apply). In particular, the neighbor of x1 that is not incident with
the face x is a (5, 5,≥5)-vertex.
If Rule R6 applies to neither x4 nor x5, then the total amount of charge received by x is at
most 2 · 5/4 + 1/2 + 2 · 1/2 = 4 and the final amount of charge of x is non-positive. If Rule R6
applies to x4, then x4 is a 4-vertex and the edge x4x5 is incident with a 3-face. By Lemma 1, x5 is
a ≥5-vertex. Hence, none of Rules R1–R8 applies to x5 and the total amount of charge received
by x is at most 2 · 5/4 + 1/2 + 3/4 + 1/4 = 4.
In addition to finding the missing subcase, while checking the proofs of our paper, we have
also noticed that the formula on p. 483, l. 11 is misprinted—the correct formula should be:
c∗(x) ≤ 6 − 2r + 3 r3 ≤ 0.
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